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PREDICTION OF ACTIVITY COEFFICIENTS AT 
INFINITE DILUTION BY USING THE WEIGHTED 

VOLATILITY FUNCTION 

JAIME WISNIAK*+', HUGO SEGURA*.2 and RICARDO REICH' 

Department of Chemical Engineering, 
Ben-Gurion University of'the Negev, Beer-Sheva, Israel 

'Departamento de Ingenieria Quimica, 
Universidad de Concepcicin, Concepcihn, Chile 

(Recriued 8 Nowmbrr 1995) 

A new method for calculating activity coefficients at infinite dilution is proposed, based on extrapolation of 
the weighted volatility function, to = x1 In (y, /x , )  + .x2 In (y2 / .x2) .  to dilute compositions. The values of (0 are 
calculated from vapor-liquid equilibria data smoothed by an appropriate G" function. The (JJ function 
exhibits very good numerical sensitivity that improves theextrapolation capabilities ofan activity coefficient 
model. when its parameters are adjusted to experimental VLE data instead of a bubble-point pressure fit 
technique. The results ofthe proposed method are compared with the results predicted by DECHMA and by 
MOSCED for 95 systems of known thermodynamic consistency and shown to be more accurate than those 
of DECHEMA and ofequal or better accuracy to those of MOSCED. A mean deviation of 14%) is achieved 
with respect to experiemental data on activity coefficients a t  infinite dilution. 

KEY WORDS: Activity, gibbs energy, vapor-liquid equilibrium. 

INTRODUCTION 

Activity coefficients at infinite dilution are very useful for scientific and engineering 
applications, and their study constitute an active topic of experimental and theoretical 
investigation. Probably, they are the most important datum of phase equilibrium since, 
for a practical point of view, they can be directly related to the analysis of separation 
technologies, where the knowledge of the behaviour of the diluted solution is essential 
for evaluating the recovery or separability of the components. In liquid-liquid extrac- 
tion, the limiting separation factor can be approximated by': 

where y; and 1); are the limiting activity coefficients of two miscible solutes in a solvent 
that induces LLE. It is a common practice to consider the magnitude of this ratio, also 
applicable to extractive distillation, as a preliminary step of solvent selection. 

* To whom correspondence should be addressed 
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2 J. WISNIAK ef crl. 

The relative volatility CI in the limit of pure solvent concentration, a dominant 
variable of high recovery distillation, is given by: 

When this variable is calculated for the impurities present in the distillate and 
bottom products, it will depend directly on activity coefficients at infinite dilution and 
will provide important qualitative information relative to the size of the equipment. 

If activity coefficients are a monotonous function in the composition, azeotropy can 
be detected a priori when the following criteria are met': 

Furthermore, many empirical excess Gibbs energy models contaning only binary 
parameters, have been developed and they constitute the minimal information re- 
quired to predict the phase equilibrium in intermediate concentration ranges, both for 
binary and multicomponent systems. 

The scientific literature reports a considerable amount of full range experimental 
information for phase equilibrium, in comparison to data on activity coefficients at 
infinite dilution (y "). For example, DECHEMA Chemistry Data Series dedicates 
eighteen parts of its first volume to VLE experimental data2, but only four parts of its 
ninth volume to experimental y" information3. This fact still motivates their estimation 
from existent experimental VLE data. 

At low pressures and in intermediate concentration ranges, the phase compositions 
have been classically and satisfactorily interpolated by activity coefficients models (G"), 
situation that would suggest the fit of the G" model parameters to the experimental 
phase equilibrium data and its extrapolation to the infinite dilution ranges '. According 
to the analysis of Eckert et aL4 and Paul and Knapp', there is a certain degree of 
incompatibility between the parameters of a G" model obtained by fitting the experimen- 
tal data in intermediate concentration ranges, and the parameters of the same model that 
can adjust 1"- experimental values. Furthermore, it is a well known fact that different 
objective functions for VLE data correlation purposes produce different parameters6. 

Generally, reliable values of the activity coefficients at infinite dilution may be 
determined by experimental techniques, such as chromatography7, gas stripping8, 
headspace chromatography9 and ebulliometryl".' ' v l  ', but except for the redundant 
determination of the experimental values, there is no method that can determine the 
thermodynamic quality of the measured parameter'. In this context, it is important to 
study the trend of the available experimental VLE information in non-zero concentra- 
tion vicinities. 

Some predictive methods for y L  are already available, such as the UNIFAC modelI3, 
with specific parameters obtained from experimental data14, the MOSCED model 
(Modified Separation of Cohesive Energy Density), based on an extension of the 
regular solution theoryIs and developed by Thomas and Eckert", and the recent 
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ACTIVITIES AT INFINITE DILUTION 3 

SPACE model (solvatochromic Parameters for Activity Coefficient Estimation), deve- 
loped by Hait et u/.I7, and limited to 298.15 K and nonaqueous solutions. These 
predictive methods are fairly suitable for the prediction of y' when the basic experi- 
mental VLE information is not available, but they are limited to a fixed number of 
compounds (or groups), and their genesis is independent of the experimental VLE data 
in intermediate concentration ranges, which is also necessary for the design and control 
of any separation process. 

I n  addition, the scientific literature reports some graphical methods that are 
independent of an specific G" empirical model and that allow calculation of the f 
values by extrapolation of VLE data. The most popular techniques is the calculation of 
the function G"/x, x 2  in a certain experimental concentration range and the projection 
of its trend to the diluted range. More adequate and exact are the elegant techniques 
elaborated by Gautreaux and Coates" and by Ellis and Jonah (1962)19, based on the 
graphical extrapolation of composition functionalities that involve measurable inten- 
sive variables of the phase equilibrium, such as pressure and temperature. When VLE 
data are used, the prediction capability of these graphical methods are overweighed by 
the data in the dilute range, that is, those data which accumulate the greatest 
experimental error. The ebulliometric technique, however, makes them suitable for the 
direct determination of y r 4 .  Wisniak and Apelblat" have used the fact that the 
function G"(x) has at least one extreme value in the central composition range (where 
the analytical accuracy is the best) to show that for 2-parameter models there is clear 
and definite mathematical relationship between the extreme value of G" and the values 
ofthe activity coefficients at infinite dilution. In other words, ifa particular 2-parameter 
model fits well the data and there are enough experimental points in the central 
composition range that allow a good estimation of the extreme value of G", then the 
mathematical relationship can be used to determine the values of y predicted by the 
model without extrapolation. 

The objective of this work, is to present a new method for the estimation of y' from 
full range VLE data, as a practical application of the weighted volatility function. 

THEORETICAL BACKGROUND 

The function (0, defined by Eqn. (4), was originally suggested by Malesinski" for the 
study of the azeotropiccondition, and is also used in the recent test for thermodynamic 
consistency for VLE experimental data developed by WisniakZ2. 

If Eqn. (4) is applied to a binary system, we obtain: 
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4 J.  WlSNlAK etal .  

where x and y are the compositions of the two phases in equilibrium and ci is the relative 
volatility between components 1 and 2. 

In an equilibrium state, the isochemical potential condition can be written as23: 

The fugacity coefficient $i can be calculated from volumetric properties by using the 
following relationsz3: 

ln4  = j o p d P I  pz-1 

T 

and 

(7) 

Using Eqns. (6),(7) and (8), we can write Eqn. (4) as: 

Considering the magnitude of the compressibility factor for the liquid and the vapor 
phase, it can be deduced from Eqn. (9) that w is negative. 

For pure compounds and for azeotropy cases, i t .  y i  = x i ,  and when the bubble point 
pressure is equivalent to the dew-point pressure, the last term of Eqn. (9) can be written as: 

The right-hand term in Eqn. (10) is equivalent to the well known Maxwell’s area 
criterion: 

Equations (9) and (10) prove that w has a maximum zero value for the azeotropic 
point and for the pure compounds, and is negative in all other cases. 

In this contribution, we have chosen as our objective function the following 
modification for o, that retains its negative behaviour and non-zero limits for the pure 
compound, and is easily evaluated from experimental VLE data: 
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ACTIVITIES AT INFINITE DILUTION 5 

Considering the y - 4  approach to the VLE, Eqn. (12) can be written as: 

where Si is the Polynting factor defined as: 

Equation 13, when applied to the low pressure VLE of non associated systems, can 
be simplified by assuming ideal behaviour for the vapor phase and a unitary Poynting 
factor, approximation which is also known as the modified Raoult’s law24. A n  implicit 
equation in activity coefficients is then obtained: 

At  infinite dilution, the limits for Eqn. (1  5) are given by: 

Formally, Eqns. (15) and (16), define a graphical method that would permit evalu- 
ation of yz by extrapolation in isothermal systems, if a complete set of experimental 
data (T ,  P,x ,y)  that evaluates Eqn. (4) is known. Figure 1 i t  shows the behavior of the 
Q(x) curve for a system that exhibits positive deviations with respect to the Raoult’s 
law, like ethanol-water at isobaric conditions2’, while Figure 2 describes the ben- 
zenehexafluorobenzene system at 303 K26,  the exhibits simultaneously positive and 
negative deviations from Raoult’s law. 

In general, the concavity ofQ will be negative, but as can be seen in Figure 3, there are 
ranges of saturation pressure ratios among the constituents that change the concavity 
for systems that deviate negatively from Raoult’s law. From the analysis of the second 
derivative of R with respect to composition (see Appendix A), it is concluded that the 
sign of the concavity of will will depend on the difference between the vapor pressures 
of the components and on the degree of deviation from ideality. For systems that 
exhibit large differences in vapor pressures and/or positive deviations with respect to 
the Raoult’s law (see Fig. 4), negative concavities are dominant; and no system with 
positive concavity has been observed experimentally. Figures 3 and 4 were obtained 
from Eqn. 15, by using the symmetric model (regular solution): 

G ”  = A x , x 2  (17) 

with positive and negative A values for the simulation of positive and negative 
deviations from ideality. Boiling-point pressures were calculated from the modified 
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Figure 1 
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Figure 2 0 function for the system hcnzenc ( I )  + licxafltiorobenzcnc (2) at 30.3 K. Data of Caw and 
Swinton (1968). 

Raoult’s law, as indicated in Eqn. (19). In  both figures the arrow indicates ratios 
P?‘/P ;”‘ increasing towards unit value. 

In this work, we suggest a procedure for the numerical tit of R in the experimental 
composition range and its extrapolation to dilution ranges. Polynomial and rational 
functions were tested for extrapolation purposes, but they were found to be inadequate 
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ACTIVITIES AT I N F I N I T E  D I L U T I O N  7 
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Figure 3 
P y ' / P  1"' increasing towards unity. 

(1 function for a system with negative dcviation from Kaoult's Law. Arrow indicates values of 
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Figure4 
P;'/P;"' increasing towards unlty. 

0 function for a system with positive deviation from Raault's Law. Arrow indicates values of 

due to wide oscillations in the extrapolation interval, and due to the prediction of 
positive values for the weighted volatity function. 

The negative characteristic of !2 demands a negative interpolation function, and the 
presence of activity coefficients in Eqn. ( 1  5) ,  suggests sclecting a corrleation consistent 
with the Gibbs-Duhem equation, like a GI.' model. 
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8 J.  WlSNlAK et cr l .  

METHODOLOGY 

Given an experimental [T, P ,  .x, y ] VLE data set, the calculation method proceeds 
according to the following algorithm': 

(a) Evaluation of R using Eqn. (13) and the experimental liquid and vapor composi- 
tion data. 

(b) Search for the parameters of a G" model, that will minimize the following 
objective function: 

where Rk.Eqn,,lS, must be evaluated with experimental liquid compositions and the 
activity coefficients derived from the selected G E  model. The pressure needed in 
Eqn. (15) and the vapor phase compositions required in Eqn. (18), are calculated from 
the modified Raoult's law: 

Pea,, = . Y l y l P ; a '  + x2y2py (19) 

.xIylP;a' 
Y 1 .calc = ~ P 

Activity coeffecitents in Eqns. (19) and (20) are caculated from the selected G" model. 
I t  should be noted that Eqn. (15) does not depend on vapor phase compositions. To 

avoid this drawback, the mathematical form of the objective function (18) has been 
selected so as to produce a balanced adjustment of the vapor phase compositions and of 
the weighted volatility function. 

The use of several GE models is advisable, since as in the case of VLE fit, some of them 
adjust the experimental function, as calculated in (a), more satisfactorily than others. 
In this work, the Wilson26, TK-Wilson2' and NRTL28 models for G" have been 
selected to smooth the R function evaluated from experimental data, and the vapor 
pressures of the pure components have been estimated by using the Antoine parameters 
suggested by DECHEMA2. 

(c) Select the G" model that minimizes the pressure deviation (i.e. the pressure 
obtained by Eqn. (19) with respect to the experimental pressure) in the range 
0 <xl < 0.5 to estimate y; and in the range 0.5 <xl <to  estimate 7;. 

(d) Extrapolate the G E  model selected in (c) to dilution ranges, by evaluating the 
model 1 ~ ~ ' s  expressions with their respective parameters, obtained in (b) (For more 
details, see Appendix B). 

The minimization of the non-linear objective function in Eqn. (18) requires a 
numerical treatment. The second order BFGS optimization algorithm developed by 
Shanno3' was used, assisted by a Levenberg-Marquardt routine3', that protects the 
optimization against an ill-conditioned Hessian matrix. 

' A  computer FORTRAN program is available from the authors. 
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ACTIVITIES AT INFINITE DILUTION 9 

RESULTS 

The previously described methodology, has been applied to the determination of the 
values ofy” for 95 VLE systems, with an experimental data base that includes multiple 
functional groups and aqueous systems. Experimental values for y z  have been taken 
from the compilation of Tiegs et d3, except for the indicated cases. 

Percentual deviations from the values obtained from G“ model parameters suggested 
by DECHEMA’, the values predicted by this work and those calculated by MOSCED, 
are compared for each system, and are reported in Table 1. This Table shows that the 
most stable predictions are achieved by the MOSCED model, which is not affected by 
the consistency of the experimental VLE data. The weighted volatility method does not 
give, in general, a worse prediction than the fit recommended by DECHEMA, and in 
most of the cases it is observed that, in function of the consistency of the data, the 
suggested method achieves significant improvements. In Figure 5 a comparison is 
made between experimental y*’s values and y x ’ s  predicted by the method proposed 
here and those given by DECHEMA. It is seen that the dispersion achieved by the w 
method is well balanced in all the experimental range; in contrast, the dispersion of 
DECHEMA values tends to be larger when 1’‘ increases and many experimental points 
are under predicted in the range 10 to 100. 

The large deviation observed in the data of Martin and George (1933) for the 
benzene-phenol system at 343 K, is due to the selection of the NRTL model, that 
predicts liquid phase immiscibility, not observed in the experimental data. If the 
Wilson model is selected, then y; = 1.67, which is comparable to the experimental 
value. 

In the same manner, the acetic acid (1)-heptane (2) system at 3 13 K (data of Markuzin 
and Pavlova, 1971) could be well correlated by Eqn. (15), but extrapolation of the 
activity coefficient model to the dilute range will not represent a physically valid value, 
unless the acetic acid dimerization in the vapor phase is considered. For a dimerizing 
system, the function in Eqn. (12) can be evaluated in terms of apparent compositions, 
for liquid and vapor phases. From Eqns. (4) and (12), and by applying L‘Hopital’s rule, 
it can be deduced that: 

but 

+ l = l n - - - + l  Y1 Y l  
x1 x1 
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Figure 5 Graphical comparison of y' give by DECHEMA and by R. 

Equations (23) and (24) establish the limit of the apparent composition ratios for each 
phase in the dilution ranges. Let us now consider the following well-known dimeriz- 
ation reaction for acetic acid in the vapor phase: 

......... 0 HO 

CH3 
// \ 
\ 2- 2CH,-C CH3 - C 

0 OH 
I ......... OH 

the equilibrium constant for this dimerization, assuming that the mixture of heptane 
and the monomer and dimer of acetic acid behaves as an ideal gas, is given by: 

where Z represents the true compositions of species in the vapor phase, and can be 
calculated from a material balance by using apparent compositions (monomer of acetic 
acid and heptane) as: 

- - y 1 - a  
1-rl 'monomer 
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ACTIVITIES AT INFINITE DILUTION 19 

where q is the degree of advancement of the dimerzation reaction. Solving simulta- 
neously Eqn. (25) and Eqns. (26-28), i t  can be deduced that: 

As pointed by Wisniak and Tamir32, the equilibrium relations can be written in 
terms of apparent compostions for the liquid phase and true compositions for the vapor 
phase as: 

x i y i p  = Zi&P 

. I  j:', = Z,(y, = ,)~i;'"'pyui (31) 

where y i  is the apparent activity coefficent. When Eqns. (30-31) are applied to the low 
pressure VLE, then can be simplified to: 

x i y i p  = z i p  (32) 

We can apply Eqs. (32) and (33) for the estimation of apparent activity coefficient at 
infinite dilution as: 

In Eqns. (34) and (35), the apparent composition ratios are be obtained by solving 
Eqns. (23) and (24),ff and q are calculated from Eqn. (29) if the dimerization constant 
for acetic acid is known. 

The two cases of dimerization described here have not been considered in the global 
deviation analysis included in Table 2. 

From Table 2, i t  can be concluded that the most satisfactory predictions, for the data 
base of various consistency systems treated here, correspond to the MOSCED model 
and to the o method proposed in this work, whose deviations are comparable. A 
reduction of 22% is observed in the average absolute predic tion errors from 
experimental VLE data in comparison to the values calculated from the DECHEMA 
Collection, with an also significant reduction in the standard deviation. I t  can be 
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Table 2 Global Deviation Statistics. 

Method number averaye standard ma-ximum fraction of 
of absolute dev. error system with 

systems deviation (x) ( x )  error>20: / ,  
f %) 

VLE extrapolation 80 18.2 25.9 145.8 27.5 
(DECHEMA) parameters 
This work 93 14.4 18.9 133.9 29.0 
MOSCED 14 14.4 19.6 156.9 32.4 

Table 3 Deviation Statistics over [+ +] and [+ -1 Systems. 

Method averaye standard maximum 
absolute dev.  error 
deviation fx) 

fx) 

VLE extrapolation 12.2 14.2 73.3 
(DECHEMA parameters) 
This work 11.1 11.9 62.4 
MOSCED 14.6 21.8 156.9 

concluded that the method proposed in this work is potentially attractive in the 
prediction of y" from full range VLE data. 

In Table 3 the prediction satistics for positive punctual consistency systems (61 VLE 
systems) are summarized. In this case, the weighted volatility function gives the smallest 
average deviation errors, and the trend observed in Table 2 is conserved. 

CONCLUSIONS 

According to results obtained in this work, the weighted volatility function shows an 
interesting and improvable potential for the rapid forecast of behavior at diluted 
concentrations, considering a standard parameter fit methodology for excess models 
on a new objective function. Accroding to Eqn.(13), it is possible to improve the 
physical parameter fit soundness, if the association effects for vapor and liquid phases, 
and the correction the vapor phase non-idealities by using equations of state are taken 
into consideration. 

Nomenclature 

Aij 

G E  
Nd 
P 
P;a 
R 
Q 
T 

G" model parameter in Eqns. (B.l) to (B.6). 
excess Gibbs energy. 
number of experimental data points. 
Pressure. 
vapor pressure of component i. 
gas constant. 
parameter defined in Eqn. (A.6). 
temperature. 
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V 

Y 
Z 

Greek 

.Y 

a 

a12 

Y 
P I  2 

di 
4; 
Aij 
U 

0 
'ij 

P 

R 

Others: 

w 

c s 

volume. 
liquid phase composition. 
vapor phase composition. 
compressibility factor. 

relative volatility. 
NRTL parameter in Eqn. (B.l) 
approximate limiting separation factor in Eqn. (1). 
activity coefficient. 
fugacity coefficient for pure i. 
effective fugacity coefficient. 
Wilson and TK-Wilson parameters. 
Poynting factor. 
saturation pressure ratio, defined in Eqn. (16) 
NRTL parameter. 
chemical potential. 
weighted volatility function, defined in Eqn. (4) 
modified weighted volatility function, defined in Eqn. (12) 

objective function, defined in Eqn. (18) 

Suhscr ip ts  

calc. calculated value. 
exp. experimental value. 
i,j  

Superscripts 

I 
\' 

cc; infinite dilution. 
sat saturation. 
NRTL 
W 
TKW 

pertaining to component i andj .  

pertaining to liquid phase property. 
pertaining to vapor phase property. 

pertaining to NRTL G E  model. 
pertaining to Wilson G" model. 
pertaining to TK-Wilson G" model. 

APPENDIX A: SOME MATHEMATICAL PROPERTIES OF EQN. 15. 

The second derivative of the modified weighted volatility function at constant tempera- 
ture is given by: 
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We can express Eqn. (A. 1) in terms of the weighted volatility, as follows: 

Y z  
* 2  

w = x,lna + In- = x,lncl + In(yzP y t / P )  

Y 2  

x2 
w = .x,lna +In- = x,lna + In(y2P y ' /P)  (A.3) 

d2w dlncl d21n (P /PYt )  
dx :  d x ,  dx: 

- ('4.4) 

Equation (A.2) yields always a negative solution. For Eqns. (A.3) and (A.4), the sign will 
depend on the saturation pressure ratio and on the liquid phase deviation from ideality. 
A full composition range study for the concavity of Eqn. (A.l)  is cumbersome, and it 
depends on additive contributions of higher activity coefficients derivatives. 

If Eqn. (A.l)  is analyzed in the diluted range, it can be concluded that: 

where 

When deviations from ideality are positive and index 1 represents the most volatile 
component, Q will be positive and constitute the dominant term in Eqn. (AS), negative 
concavities in the extreme dilution range will then be favored. Q can be negative or not 
dominant in Eqn. ( A S )  if deviations are negative, and depending on the saturation 
pressure ratio, positive concavities become more possible for Q. 

Eq. (AS) is also applicable for the other limit when index 1 represents the less volatile 
component. Similar conclusions relative to the sign of the concavity are obtained. 

APPENDIX B: G" MODELS AND THEIR y x  RELATIONS, AS USED 
IN THIS WORK 

1 NRTL29 

Activity coefficients at infinite dilution were calculated from: 
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ACTIVITIES AT INFINITE DILUTION 23 

the three parameters A;YL, aI2}  were used to minize Eqn. (17) 

2 W I L S O N , ~  

Activity coefficients at infinite dilution were calculated from: 

Iny; = 1 - InA,, - A2, 

Iny; = 1 - InA,, - A,, 

where v! is the molar volume of pure liquid component. In this work, volumes were 
estimated at 298.15 K by using Rackett's equation33 for the Wilson and TK-Wilson 
models. Critical constants were taken from Reid, Sherwood and P r a ~ s n i t z ~ ~ .  Two 
parameters { AY,, AYl} were used to minimize Eqn. (17). 

3 TK-WILSON2' 

Activity coefficients at infinite dilution were calculated from: 

A,, =$exp( V r  -$); AW =,enp( v: -=) A Yl 

1 

The two parameters { were used to minimize Eqn. (17). 
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